In this paper we prove the existence and some absorbing properties of an attractor in a local sense for the initial-boundary value problem of a quasilinear wave equation of Kirchhoff type with a standard dissipation u t .
Introduction
In this note we show the existence of an attractor for the quasilinear wave equation of Kirchhoff type with a standard dissipation:
u tt − 1 + ∇u(t) 2 2 u + u t + g(x, u) = f (x), 0 < t < ∞, x ∈ Ω, where Ω is a bounded domain in R N with a smooth, say C 2 class, boundary ∂Ω. When N = 1 Eq. (1.1) (without the dissipative term u t and sourcing term g(x, u)) was introduced by Kirchhoff [13] to describe small vibrations of an elastic stretched string. It is natural to consider that when N = 2 the equation is a suitable model of the motion of elastic plate. Anyway this equation is also mathematically interesting and has been investigated by many authors from various points of view (see [3, 5, 10, [15] [16] [17] [18] [22] [23] [24] [25] [28] [29] [30] and the references cited there). The nonlinear term g(x, u) appears commonly to describe various self-interactions in evolution equations, and global existence, nonexistence and asymptotic behaviours of such nonlinear evolution equations have been extensively studied (see [11, 12, 17, 24, 26] etc.). 'Global attractor' is a basic concept for the study of asymptotic behaviour of nonlinear dissipative evolution equations and here we are interested in constructing an attractor for the problem (1.1)-(1.2).
For the usual semilinear wave equation with (1 + ∇u(t) 2 2 ) u replaced by u there are many works concerning global attractor (see [1, 2, 4, [6] [7] [8] [9] 11, 12, 14, 19, 27] etc.), but, any argument of these works does not seem to be applicable to the problem (1.1)-(1.2). The difficulty is caused by the nonlinearity ∇u 2 appearing in the coefficient of u. Indeed for the problem (1.1)-(1.2) we know the time global solutions only for small initial data in H 2 = H 2 ∩ H 0 1 × H 0 1 and we are not in a situation to discuss on global attractor. The object of this note is to construct an attractor in a local sense for the problem (1.1)-(1.2).
That is, we prove the existence of an attractor A in a neighbourhood V of (0, 0) in H 2 which is invariant, i.e., U (t)A = A, t 0, and attracts any bounded set in the neighbourhood V where U (t) is the semi-group associated with the problem Since V is a small neighbourhood the constructed attractor A may consist of only one stationary solution under an easy assumption. For example, if we assume that g u (x, u) −k 0 − k 1 |u| β+1 holds with a small k 0 > 0 it is easy to see that the stationary solution with small norm ∇u 2 is unique. To avoid such an assumption we make some devices in deriving the boundedness of the second-order derivatives of solutions. It is a delicate argument.
For semilinear wave equations which may not have global solutions for large data we have recently constructed in [20] a 'local' attractor in the usual energy space
In the present paper we use some ideas from [20] . However, we could not prove the compactness of our local attractor A in H 2 and hence, our local attractor here should be regarded as an attractor in a weak sense. It is an interesting open problem whether our attractor is compact or not in H 2 .
We note that if we replace the dissipative term u t by a stronger one − u t we can prove the time global solutions for any (u 0 , u 1 ) ∈ H 2 under appropriate assumptions on g(x, u) and f , and further, under some additional assumptions, we can construct the global attractor in H 2 (see [21] ). Thus the problem becomes simpler for such a strongly damped equation.
Finally we note that our ideas in [20] and in the present paper should be applicable to other problems. As a related problem we mention the following:
with the initial-boundary conditions and a forcing term f (cf. Hale [11] ).
Statement of result
We use only familiar function spaces and omit the definition of them.
We state precise assumptions on g(x, u) and f .
Hyp.A. g(x, u)
is measurable in x ∈ Ω for each u ∈ R, twicely differentiable in u for a.e. x ∈ Ω and satisfies the following conditions:
(1)
with some m 0 > 0, 0 > 0, and L 0 where
with someL(·) ∈ L 2 , k 3 0, and 0 α 4/(N − 2) + . We set for convenience,
Remark 2.1. By the assumption (2.2) we restrict ourselves to 1 N 6. These examples are often used as models to describe various nonlinear interactions, and the global existence, non-existence and asymptotic behaviours of nonlinear evolution equations with such nonlinearities have been extensively studied as stated in the Introduction. (See, e.g., Hale [11] and the references cited there.)
Remark 2.3. By the well-known Gagliardo-Nirenberg inequality the condition (2.4) implies that for
, N 3, we have, instead of (2.5),
These estimates will be used for the estimation of u 2 .
The following local existence result is standard.
The solution u(t) is continued in t as long as u(t) 2 + ∇u t (t) 2 is bounded, and setting U (t)(u
A solution in the class X 2 (T ) is often called as 'H 2 ' solution. We construct an attractor associated with the semi-group
Let H 2 and H 1 be two Banach spaces and
We assume that U (t) is continuous on any bounded set B ⊂ V with respect to H 1 topology. Definition 2.1. A bounded set A ⊂ V is a (H 2 , H 1 ) 'local' attractor associated with the semi-group U (t) if and only if the following conditions are fulfilled:
In the sequel we set
Our result is stated as follows: 
(2. 
where C 0 denotes constants depending on ∇u 0 2 + u 1 2 and C denotes constants independent of (u 0 , u 1 ).
Proof. Multiplying the equation by u t and integrating we have
where we set
We assume ∇u(t) 2 K . Then, by the assumption Hyp.A(3), we see that there exists C > 0 such that + ∇u(t)
Therefore as long as ∇u(t) 2 K we have from (3.4) that ∇u(t) 2 < K . This means that ∇u(t) 2 
Next, multiplying the equation by u and integrating we have
It follows from (3.2), (3.6) and Hyp.A (2) , that
Fixing appropriately small we can easily show that
for some 0 > 0. Thus we obtain from (3.7) and (3.8) that 
A half invariant set in H 2
In this section we prove the following proposition which asserts the existence of a half invariant set in H 2 . 
with some constants C 1 = C ( u 0 2 , ∇u 1 2 ) < ∞ and λ > 0 independent of (u 0 , u 1 ).
Differentiating the equation we have
Multiplying Eq. (4.2) by u tt and integrating we see
where we set 
To control the term Ω g u u 2 t dx we use the assumptions (2.1), (2.3):
Combining (3.2) × (k 0 + 1) and (4.6) we have
Therefore we obtain from (4.7)
for any 0
t dx in (4.8) is left for a later use. We set
where we recall
(4.11)
We assume that
Taking 1 = 0 we first obtain from (4.12) that
To proceed further we defineẼ 1 (u, v) 
(4.14)
The above argument assures that if
for an appropriate K 1 > 0. Indeed, it follows from (4.11) and the assumptions (2.1) and (2.3) on g(x, u) that 
Hence, by the definition of w and the condition (2.4) on g(x, u) we can apply the estimate (2.5) or (2.5) to get
where we make an additional assumption
We conclude from (4.16) and (4.
2 is an open bounded set in H 2 and we have
Now we return to the inequality (4.12). We assume (u 0 , u 1 ) ∈ S 2 . Then 
